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I. INTRODUCTION
Adaptive radiotherapy (ART) aims to use anatomical and functional imaging during the course of radiotherapy treatment to monitor the effect of radiotherapy and adjust the treatment plan if necessary to maintain treatment goals. Deformable image registration (DIR) attempts to provide mapping between volume elements in one image to corresponding volume elements in a second image. In the context of ART, DIR is used to map the dose delivered to the anatomy represented in one image to anatomy presented in a second image. Dose accumulation is then the mapping of multiple dose grids from different frames of reference, such as different images, to one common frame of reference.
There are many automated DIR algorithms that can provide a mapping or a deformation vector field (DVF) between two images. These algorithms can suffer from a lack of inverse consistency and transitivity. Given two images, I A and I B , inverse inconsistency is when deforming from I A ! I B ! I A produces a result different to I A ; the difference between the result obtained and the actual image I A is termed the inverse consistency error (ICE) . 1 The ICE can be extended to more than two images, which is referred to as the transitivity error (TE), which was referred to as generalized inverse consistency error in Ref. 1. Given three images, I A , I B , and I C , the deformation from I A ! I B ! I C ! I A will produce a result different to the starting image, I A . In this scenario (which uses three images), a set of DVFs that produce the same image as that which was started with (that is, I A ) is defined here to be "three-image transitive." It can be shown mathematically that if a set of inverse-consistent DVFs is three-image transitive, it will also be transitive for any higher number of images (see Lemma in the Appendix).
It is desirable for an algorithm to provide both an inverse consistent and transitive result. There are multiple algorithms that provide an inverse consistent transformation, via the inclusion of an extra term in the optimization equation that minimizes the ICE in addition to the minimization of the difference between the two images and the regularization term. 2, 5, 6 However, these inverse consistent methods do not necessarily provide a transitive transformation, 3, 4 since they are primarily derived using data from two images only. Geng et al. 4 presented a registration method, whereby data from three images were used to derive the transformation based on a function that included terms to minimize the difference between contours or surfaces as well as ICE and TE. A further report by Christensen and Johnson 3 provided a mathematical framework to analyze nonrigid transformations based on ICE and TE. Skrinjar et al. 7 also provided a method for transitive registration by performing the DIR between two images in a series via an arbitrary third, "reference" image where the reference image can be another image in the series or one similar to the images in the series.
There are many commercial and research algorithms currently available that are neither inverse consistent nor transitive but are used for dose accumulation. To the best of the authors knowledge, there have been no investigations to date into the effect of inverse inconsistencies and nontransitivity on dose accumulation. The present study shows the dosimetric effect of inverse consistency and transitivity errors in dose accumulation and presents a DVF postprocessing method to reduce inverse inconsistencies and transitivity errors and their effect on dose accumulation. It is currently an open question whether the presented method also improves the accuracy of dose accumulation; however, this is beyond the scope of this work and will be addressed in a future study.
II. METHODS AND MATERIALS

II.A. Effect of inverse consistency and transitivity errors on dose accumulation
To investigate the effect of inverse consistency and transitivity errors on dose accumulation, a dose accumulation process on two data sets was performed. A research version of the Pinnacle RTPS (v9.100, Philips Radiation Oncology Systems, Fitchburg, WI) was used for all DIR and dose accumulation. The DIR algorithm used was the Fast Symmetric Demons image intensity-based algorithm as implemented in the Insight Toolkit. 8 This variant of the Demons algorithm is neither inverse consistent nor transitive.
The first data set consisted of four tomotherapy MVCT images from a head and neck treatment, representing the anatomical change over the duration of the treatment course (primarily weight loss and shrinkage.) These were merged with the planning kVCT image, such that the MVCT slices replaced all of their corresponding kVCT slices using the registration parameters used for daily treatment setup in the TomoTherapy PLANNED ADAPTIVE software (v4.0, TomoTherapy, Middleton, WI). Representative axial slices from the four images are shown in Fig. 1 . The dose delivered to the merged image in each treatment fraction was calculated in the PLANNED ADAPTIVE software and exported. All four merged images and their dose grids were then imported into Pinnacle.
DIR was performed between all image sets (12 deformations in total). The region selected for DIR only included the MVCT regions of each merged image so as to minimize artifacts in the registration at MVCT-kVCT interfaces. The dose accumulation process is shown in Fig. 2 . Each dose grid represented the dose from one fraction of treatment, with the high dose PTV receiving 2.16 Gy per fraction. To simulate a dose accumulation process over a full treatment, the dose on each image was multiplied by 8 to simulate the use of four images during a treatment course. The DVFs are defined in the target image frame of reference. Therefore, dose accumulation is achieved by looking up the voxel of interest in the target image, obtaining the vector pointing back to the source image and then looking up the dose at the location the vector points to in the source image. Since the vectors do not point exactly to the center of dose voxels, trilinear interpolation between the doses in voxels surrounding the vector destination is used to obtain the dose. Dose was accumulated using 17.28 Gy per image for a total dose of 69.12 Gy to the highdose PTV. The four dose grids were accumulated onto the last image in the series, I D to result in Dose D ac 1 . The four dose grids were then accumulated onto I C using the same fractionation scheme to result in Dose C The second data set consisted of four phases from a 4DCT of the thorax from the MD Anderson DIR Lab series. 9 This data set (#1 in the series) consists of ten images representing each phase of a 4DCT with respiratory motion visible between each phase. On the 0% and 50% phase images, the locations of 300 corresponding image features are given. The 0%, 20%, 30%, and 50% phase images were selected for analysis. These images represent the extremes of the deformation and two time points with anatomy approximately evenly distributed between the two extremes. A hypothetical lung tumor residing on the diaphragm of the left lung was outlined and a density of 1 g=cm 3 was assigned to the target volume. A 9 field 3DCRT plan was created to deliver 64 Gy to the target volume in 32 fractions. On each image, the dose from eight fractions of the treatment was calculated. The dose calculated on each image was accumulated and compared using the same process used in Fig. 2 and used for the H&N MVCT data set.
II.B. Postprocessing technique to reduce inverse consistency and transitivity errors
Postprocessing was performed with in-house developed applications using MATLAB 2010b (The MathWorks, Natick, MA). All DVFs were processed to reduce ICE using following equation:
where4 IC ij is the inverse consistent DVF from I i to I j ,4 ij is the original DVF from I i to I j and4 À1 ji is the inverted, original DVF from I j to I i .
DVF inversion for Eq. (1) was achieved using the triScatteredInterp function in MATLAB. The DVFs used in this study are defined in the target image coordinate frame. Therefore, inversion requires obtaining the vectors at each point, which are defined on a regular grid and reversing their direction, which leads to the vectors being defined on an irregular grid. The triScatteredInterp function then aligns these vectors according to a regular grid, in our case that of the source image. This is the same method of inversion utilized by Bender and Tomé. 1 The Fast Symmetric Demons implementation used in this study is based on diffeomorphic deformations. Diffeomorphic transformations were introduced by Dupuis et al. and are smooth deformations that preserve topology of the image. 10 The necessary condition for DVF invertibility is that the Jacobian is non-negative. The DVFs obtained using the Fast Symmetric Demons algorithm had very few voxels with a negative Jacobian, thus were effectively invertible. 11 The result of Eq. (1) may not be exactly inverse consistent due to rounding errors in the inversion process. Therefore, this calculation was performed three times using the previous iteration's result as the input for the current iteration. All DVFs were then further processed to reduce TE using Eq. (2), where N is the number of image sets (N ¼ 4 in the presented cases). The composition operator is used which is the composition of two DVFs. That is,4 A 4 B is the vectors in4 A applied to the locations of the vectors in4 B . The shift operator as defined in Bender and Tomé 1 is used to calculate the composition of two DVFs. The shift operator is required because the DVFs are defined at different points in space. If one wants to add two vector fields together they must be operating on the same point in space. Thus, if one wants to perform the operation4 2 4 1 then one must shift4 1 to the same coordinate frame as4 2 . A full description of the shift operator is given in the Appendix of Bender and Tomé. Forming the average given in Eq. (2) has the effect of combining all DVFs available between images I i and I k , including "second order" deformations where I i is first deformed to I j , before deformation to I k . Equation (2) may introduce inverse consistency errors, therefore, the resulting DVFs from Eq. (2) must be processed using one iteration of Eq. (1). Similarly to processing with Eq. (1), the result of Eq. (2) is not exactly transitive after just one iteration, therefore, this process was performed for three iterations, processing with Eq. (1) before performing the next iteration.
Note that Eq. (2) is the combination of the DVF to be processed plus the composition of I i to I k via a third image in the series I j , allowing improved consistency when transforming from I i to I k via an intermediary I j . This is termed third order transitivity. It is shown in the appendix that if DVFs in a series are third order transitive, then they are transitive for all higher orders. This mathematical principle, therefore, limits the number computations required to obtain transitive maps. For the remainder of this report, the terms inverse consistency error reduced (ICER) and transitivity error reduced (TER) will be used to denote DVFs that have been processed with Eq. (1) and iteratively with Eqs. (2) and (1), respectively.
II.C. Effect of the postprocessing technique on the consistency and accuracy of deformation
The inverse consistency error (ICE) was calculated for the original, ICER and TER DVFs for the image set I j È É j2fA;Bg using following equation:
where ICE ij is the ICE between I i and I j , k k denotes the Euclidian norm when I i is interpreted as a vector space, 1 is the identity matrix,4 ij is the DVF from I i to I j , and4 ji is the DVF from I j to I i .4 ji 4 ij is4 ij applied to4 ji . Hence, ICE ij is a map from I i into real numbers <.
In practice, Eq. (3) is simply the composition of the two DVFs representing the forward and reverse directions. The composition is calculated again using the shift operator as defined in Bender and Tomé.
1 Similarly, the TE was calculated for the original, ICER and TER DVFs for the image set I j È É j2fA;B;Cg using following equation:
where4 ij is the DVF from I i to I j ,4 jk is the DVF from I j to I k , and4 ki is the DVF from I k back to I i . When computing Eq. (4), the shift operator is again used as defined in Bender and Tomé.
1
The dose accumulation process presented in Fig. 2 was repeated for both the H&N MVCT data and the lung 4DCT data using the ICER DVFs and then repeated again using the TER DVFs. The doses Dose D ac 1 and Dose D ac 2 were compared using dose volume histograms.
The lung 4DCT data set contains 300 corresponding anatomical landmarks on the 0% and 50% phase images. Using these 300 corresponding landmarks, the accuracy of the original, ICER and TER DVFs were calculated as the magnitude of difference vector between the vector pointing from a given landmark in the 0% phase image to its corresponding landmark in the 50% phase image and the vector pointing from the landmark in the 0% phase image to its DIR calculated position in the 50% phase image. An analysis of variance (ANOVA) was performed to ascertain influence of the processing technique on the registration error, comparing the results from ICER DVFs and TER DVFs with the original DVFs. The statistics toolbox in MATLAB was used for the ANOVA calculation with a threshold for statistical significance of p < 0.05.
III. RESULTS
The ICE for the DVFs for the H&N image set I j È É j2fA;Bg is shown in Fig. 3 . The ICE is effectively removed after three iterations of Eq. (1). The TE is shown in Fig. 4 for the DVFs for the H&N image set . The TE is reduced with each successive application of Eq. (2) followed by Eq. (1), however, the TE is never completely removed. Figure 5 shows the mean 3D ICE and TE for the H&N image sets I j È É , respectively. Figure 5 shows that after three iterations of applying Eq. (1), the mean 3D ICE reduces to approximately 8% of its original value and after three iterations of applying Eq. (2) followed by Eq. (1), the mean 3D TE reduces to approximately 10% of its original value. voxels with TE greater than one voxel was reduced from 34.6% to 1.0%. The results for the lung 4DCT data set (not shown) are similar; the mean ICE was reduced from approximately 0.81 mm to 0.05 mm and the mean TE was reduced from approximately 1.35 mm to 0.44 mm, the percentage of voxels with ICE greater than one voxel was reduced from 2.7% to 4.9 Â 10 À5 % and the percentage of voxels with TE greater than one voxel was reduced from 11.1% to 1.1%.
The accumulated doses D 2 is 0.8 Gy and 0.9 Gy, respectively; using the ICER DVFs this difference reduces to 0.2 Gy and 0.3 Gy; using the TER DVFs the difference reduces to 0 Gy and 0.1 Gy. It must be noted that the differences in dose are not completely removed but are significantly reduced. Figure  7 shows the target and OAR DVHs for the lung 4DCT data set. Although the differences between D improves with the ICER and TER DVFs. The effect of the presented postprocessing technique on the registration accuracy for the lung 4DCT data is shown in Fig. 8 . The histograms show that the influence of Eq. (1) and the iterative use of Eqs. (2) and (1) on the registration accuracy is minimal. There is a slightly positive shift of the histogram, however, the magnitude of this shift is of the order of 0.1 mm. The mean registration error in the three directions is presented in Table I , which shows minimal differences in the mean deformation error between original, ICER and TER DVFs. None of the results were statistically significant.
IV. DISCUSSION
The above results show the effect on dose accumulation of inverse consistency and transitivity errors. When the dose is accumulated on the same image via different image pathways, the accumulated dose is different. The clinical implication of this inconsistency is an introduction of ambiguity into the decision-making process in adaptive radiotherapy. A postprocessing technique was introduced that significantly reduces the inverse consistency and transitivity errors. When the technique was applied to DVFs from a noninverse consistent and nontransitive algorithm, consistent dose accumulation results independent of the image pathway selected for dose accumulation were obtained.
It can be seen that the magnitude of the inconsistencies in dose accumulation, that is, the difference between D ac 1 and D ac 2 , varied between the data sets used, with the lung 4DCT data set having the lesser difference. In both cases, however, we note that our technique does not entirely remove transitivity error but does yield a significant reduction in transitivity error. The TE contains contributions from all DVFs used to calculate the TE. It is unknown, however, how much each DVF contributes to the calculated TE thus there is no way to weight each of the DVFs in the postprocessing technique to take this into account. As a result, all of the DVFs received equal weighting to calculate the TE-reduced DVF, which may result in residual TE in the DVFs. However, in both cases, the differences in the DVHs show that the effect of the TE is effectively removed, thus allowing consistent dose accumulation. It is also true that the correction method stated relates only to differences due to inverse and transitivity inconsistencies and does not significantly affect the accuracy of the deformation. Figure 8 and Table I show minimal effect of the postprocessing technique on the registration accuracy for the lung 4DCT data set. That is to say, the dose accumulation for the lung 4DCT data set was more consistent, without significant loss in registration accuracy.
In its current implementation, the method is timeconsuming as it requires computationally intensive DVF inversion. However, in practice, only one extra image at a time will be available during the radiotherapy course, therefore, reducing inverse consistency and transitivity errors is only required for one extra image at any one time, as opposed to all of the available images at once as done for this study. This could significantly reduce the computation time required at any one time by allowing some distribution of computation over the course of the treatment. The initial DVF inversion steps could possibly be removed if an inverse consistent algorithm was used for the generation of the initial DVFs, which could reduce the computation time.
Although the presented post processing technique leads to a consistent accumulated dose for a given set of images considering all deformation pathways, an investigation into the accuracy of the resulting accumulated dose based on ICER and TER DVFs versus the original DVFs is beyond the scope of our current study. This topic will be addressed in future work.
V. CONCLUSION
Dose accumulation from multiple image sets to one image is dependent on the image pathway via which the dose is accumulated, introducing discrepancies between doses accumulated on the same image via different image pathways. This study presents a postprocessing method to reduce this difference by reducing inverse consistency and transitivity errors between all DVFs used in dose accumulation. The results show that DVFs processed to reduce inverse consistency error improve the agreement between doses accumulated along different image pathways. This agreement is further improved using DVFs processed to reduce transitivity error. The presented postprocessing technique has minimal effect on the registration accuracy, however, any changes in dose accumulation accuracy using this method is still to be determined in a future study.
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